Abstract. We calculate accurate critical parameters for a class of non-hermitian
Introduction
There has recently been interest in PT-symmetric Hamiltonians that exhibit real eigenvalues for a range of values of a potential parameter. Some of them are anharmonic oscillators [1] [2] [3] [4] [5] [6] [7] [8] as well as models with Dirichlet [9] [10] [11] periodic and anti-periodic boundary conditions [12, 13] .
Among the methods used for the study of such models we mention the WKB approximation [2, 3] , the eigenvalue moment method [4, 6] , the multiscale reference function analysis [5] , the diagonalization method (DM) [7] and the orthogonal polynomial projection quantization (OPPQ) (an improved Hill-determinant method) [8] .
For some particular values of the potential parameter the spectrum of those PTsymmetric Hamiltonians exhibits critical points where two real eigenvalues coalesce and emerge as complex conjugate eigenvalues. Such critical points are also known as exceptional points [14] [15] [16] [17] .
The purpose of this paper is the analysis of the critical points for a variety of simple models. The calculation is based on a well known simple and quite efficient application of the DM [14] . In section 2 we propose a somewhat more general condition for the existence of real eigenvalues (unbroken symmetry) [18, 19] that is suitable for models with degenerate states. In section 3 we present three one-dimensional examples already discussed earlier by other authors. In section 4 we outline the procedure for the calculation of critical points based on the DM. In section 5 we apply perturbation theory to one of the models and discuss the convergence of the perturbation series for the eigenvalues by comparison with the accurate results produced by the DM. In section 6 we discuss a PT-symmetric perturbed planar rigid rotor that was studied earlier as an example with E2 algebra [13] . In section 7 we discuss a non-hermitian perturbed three-dimensional rigid rotor that was not treated before as far as we know. This most interesting model illustrates the generalized condition for real eigenvalues mentioned above. Finally, in section 8 we summarize the main results and draw conclusions.
PT Symmetry
It is well known that a wide class of non-hermitian Hamiltonians with unbroken PT symmetry exhibit real spectra [18, 19] . In general, they are invariant under an antilinear or antiunitary transformation of the formÂ −1ĤÂ =Ĥ. The antiunitary operatorÂ
for any pair of vectors |f and |g and arbitrary complex number c, where the asterisk denotes complex conjugation. This definition is equivalent to
It follows from the antiunitary invariance mentioned above that [Ĥ,Â] = 0.
Therefore, if |ψ is an eigenvector ofĤ with eigenvalue Ê
we have
Consequently, E is real if
that contains the condition of unbroken symmetry required by Bender et al [18, 19] A |ψ = λ |ψ
as a particular case. Note that equation (5) applies to the case in whichÂ |ψ is a linear combination of degenerate eigenvectors ofĤ with eigenvalue E.
IfK is an antilinear operator such thatK 2 =1 (for example, the complex conjugation operator) then it follows from (2) thatÂK =Û is unitary (Û † =Û −1 ).
In other words, any antilinear operatorÂ can be written as a product of a unitary operator and the complex conjugation operation [20] . In most of the non-hermitian models studiedÛ −1 =Û that results inÂ 2 =1 (as in the case of the parity operator U =P that gives rise to PT symmetry) [18, 19] .
Some simple one-dimensional examples
In this section we consider three examples of the Schrödinger equation
with eigenvalues E 0 < E 1 < . . ..
The first one [2, 4, 5]
exhibits an infinite set of critical values 0 > a 0 > a 1 > ... > a n > ... of a so that E 2n = E 2n+1 at a = a n . Both eigenvalues are real when a > a n and become complex conjugate numbers when a < a n . The eigenfunctions ψ 2n and ψ 2n+1 are linearly dependent at the exceptional point a = a n [14] [15] [16] [17] .
The second example is [1, 3, 6] H =p 2 +x 4 + iax.
IfP denotes the parity operator we havePĤ(a)P =Ĥ(−a) so that E(−a) = E(a).
Because of this property of the eigenvalues the crossings E 2n = E 2n+1 take place at ±a n , where 0 < a 0 < a 1 < . . . < a n < .... In this case the pair of coalescing eigenvalues become complex conjugate numbers when |a| > a n
The third example is given bŷ
with the boundary conditions ψ(±1) = 0. In this case we also find that the crossings take place at ±a n , a n > 0 as in the preceding one. Because of physical reasons Rubinstein et al [9] considered only the half line a > 0.
Diagonalization method
In order to solve the Schrödinger equation (7) In all the examples discussed here the critical parameters are given by a n = a(e n ), where
and E 2n (a n ) = E 2n+1 (a n ) = e n . Therefore, we can obtain the critical parameters approximately from the set of polynomial equations {D(E, a) = 0, ∂D(E, a)/∂E = 0} [14] . We look for pairs of roots (a n,N , e n,N ) that converge as N → ∞.
The eigenvectors of the harmonic oscillatorĤ 0 =p 2 +x 2 are a suitable basis set for the first two examples (8) and (9), and for the third one (10) we choose
with the recently developed OPPQ [8] . As an example we choose the PT-symmetric oscillatorĤ =p 2 + ix 3 because Handy and Vrinceanu [8] showed OPPQ results of increasing order of accuracy for this model. Although both methods resort to the same Gaussian function and Hermite polynomials, Table 1 shows that the rate of convergence of the DM is noticeably greater. It is striking that the DM of order N appears to be nearly as accurate as the OPPQ of order N + 20. Tables 2, 3 and 4 show the first critical parameters for the examples (8), (9) and (10) calculated with N ≤ 300, N ≤ 300 and N = 100 basis functions, respectively.
With those results we carried out nonlinear regressions of the form
and obtained
for (8),
for (9) and
for (10) . The parameters in equation (15) are in good agreement with the WKB ones [3] which suggests that even the first critical parameters for that model exhibit the large-e n asymptotic behaviour given exactly by the WKB method. The nonlinear regression appears to be most accurate for the example (10) where it seems that a n = 1.7321e n .
It seems that e n is always approximately between E 2n−1 (a = 0) and E 2n (a = 0) and, therefore, increases asymptotically as n 2 . Consequently, a n behaves approximately in the same way.
In the discussion below we sometimes find it convenient to write g for ia and consider g complex. Figure 1 shows E n (g), n = 1, 2, 3, 4 for the example (10) for g real and purely imaginary. We will discuss this case with more detail in the next section.
Perturbation theory
Delabaere and Trinh [2] derived the exact Rayleigh-Schrödinger series asymptotic to the eigenvalues of the Hamiltonian (8) for large a. For the three examples discussed in section 5 it is also possible to obtain a perturbation series for small a. In all of them the Taylor series for E n about a = 0 exhibits a finite nonzero radius of convergence (see, for example, page 111 in reference [22] and references therein). The three Hamiltonians are PT symmetric when g is imaginary and (9) and (10) are Hermitian when g is real.
The perturbation series for the eigenvalues of either (9) or (10) reads
We can calculate the coefficients E n,j approximately for the former and exactly for the latter. By means of a variety of well known methods [22] we easily obtain
where b n = n 2 π 2 /2. The radius of convergence of the perturbation series for both E 2n−1
and E 2n , n = 1, 2, . . . cannot be greater than a n because the two eigenvalues coalesce at the exceptional branch points g = ±ia n . Figure 2 shows the first four eigenvalues of the problem (10) when g = ia calculated
by means of the DM and by perturbation theory of order 20. We appreciate that there is a good agreement between both approaches for the first two eigenvalues for almost all the values of −a 1 < a < a 1 except close to the crossings where perturbation theory is expected to fail. The situation appears to be quite similar for the fourth eigenvalue but the behaviour of the perturbation series for the third eigenvalue strongly suggests that its radius of convergence may be considerably smaller than a 2 .
If g = ±ia n were the singularities closest to the origin, one could obtain them from the perturbation coefficients E n,j as follows: [22] a n = lim Table 5 shows that a 1 (k) =
already converges towards the result in Table 4 as k increases, and we obtain identical results with the coefficient E 2,k as expected.
However, the sequences with E n,k do not converge when n > 2 which suggests that there may be other branch points on the complex g-plane closest to the origin. For example, E 3 (g) exhibits branch points at g c = ±11.48088661 + 26.24188126i and also at g * c that are closer to the origin than g 2 = ia 2 (|g c | = 28.64344759 < a 2 ). As already mentioned above, equation (19) is only suitable for a branch point on the imaginary axis [22] and therefore does not converge in the latter case. The branch points at g c and g * c account for the behaviour of the perturbation series for E 3 (g) in Fig. 2 discussed above.
Non-hermitian perturbed planar rigid rotor
In this section we consider a simple model with periodic boundary conditions that we prefer to treat separately from those in section 3.
Bender and Kalvecks [13] studied the eigenvalues of
with periodic ψ(θ + 2π) = ψ(θ) and anti-periodic ψ(θ + 2π) = −ψ(θ) boundary conditions. This equation is a particular case of [13] Hψ = Eψ,
when V (g, θ) = g cos(θ).
By means of the unitary operatorÛ that produces the transformationÛ † θÛ = θ + π,Û †ĴÛ =Ĵ we can construct the antiunitary operatorÂ =ÛT =TÛ , whereT is the time-inversion operator, as indicated in section 2. Since A −1ĤÂ =Ĥ when g = ia is purely imaginary we expect real eigenvalues for some real values of a.
Here we consider only periodic boundary conditions and transform equation (20) into the Mathieu equation [21] by means of the transformations θ = 2x, E BK = E/4
and g BK = g/2, so that
where ϕ(x) = ψ(2x). The even and odd solutions to this equation can be expanded in the Fourier series
respectively, where the coefficients A 2m and B 2m can be calculated by means of simple three-term recurrence relations [21] . We can efficiently calculate accurate eigenvalues from either the secular determinant, as discussed in section 4, or the truncation conditions A 2N = 0 and B 2N = 0 for sufficiently large values of N. We denote E e,n n = 0, 1, . . . and E o,n , n = 1, 2, . . . the eigenvalues of the even and odd solutions, respectively. Obviously, E e,n = E o,n = 4n 2 , n = 1, 2, . . ., when g = 0.
The results of Bender and Kalveks [13] suggest that pairs of eigenvalues (E e,2n , E e,2n+1 ) and (E o,2n+1 , E o,2n ), n = 0, 1, . . . coalesce at ±a e,n and ±a o,n , respectively, when g = ia. Tables 6 and 7 show the critical parameters for the even and odd solutions, respectively, to the Mathieu equation (22) . They approximately follow a straight line of the form a n = 0.582e n + 3.66. Once again we appreciate that both e n and a n increase asymptotically as n
Non-hermitian perturbed three-dimensional rigid rotor
An even more interesting example of rigid rotor is provided bŷ
whereL 2 is the square of the dimensionless quantum-mechanical angular-momentum operator. This Hamiltonian is invariant under the antiunitary transformationÂ =ÛT discussed above when g is purely imaginary.
In order to apply the DM we resort to the set of eigenvectors |l, m ofL 2 andL z :
where l = 0, 1, . . . and m = 0 ± 1, ±2, . . . , ±l are the angular momentum and magnetic quantum numbers, respectively. Every eigenvector |ψ ofĤ can be expanded as
where M = |m| and the coefficients satisfy the recurrence relation [22] (and references therein)
There is also a simple recurrence relation for the secular determinants [22] but we do not need it here because we can efficiently obtain E(g) from the roots of c N = 0 for sufficiently large N.
We denote E M,n , M, n = 0, 1, . . . the eigenvalues ofĤ so that Besides, it follows from the recurrence relation (27) that c i,M,n is either real or imaginary when i is even or odd, respectively. Therefore, c the eigenvalue E M,n is real becauseĤÂ |ψ m,n = E M,nÂ |ψ m,n in agreement with the more general condition for real eigenvalues developed in section 2. Fig. 3 shows the eigenvalues E M,n for M = 0, 1, 2, 3 and n = 0, 1, 2. It suggests that pairs of eigenvalues (E M,2n , E M,2n+1 ) coalesce at a = ±a M,n when g = ia. Tables   8, 9 , 10 and 11 show several critical parameters for M = 0, 1, 2, 3, respectively . In this case we also find a linear relationship a M,n = b + ce M,n between the critical parameters, where c ≈ 1.18, and that they increase asymptotically as n 2 .
Conclusions
It appears to be clear from the results obtained throughout this paper that the DM is a remarkably simple and efficient tool for the calculation of eigenvalues and eigenvectors of a wide class of PT-symmetric models. In fact, the DM appears to converge more rapidly than more elaborate approaches [8] and seems to be particularly useful for the calculation of critical parameters and exceptional points.
The condition for real eigenvalues developed in section 2 appears to be more general than the one invoked in earlier studies of the PT-symmetric Hamiltonians. This fact is plainly illustrated by the perturbed rigid rotator (24) for which the commonly used condition for unbroken symmetry (6) does not hold but the eigenvalues are real as long as the more general condition (5) applies.
Present numerical investigation suggests that both critical parameters for the three models (10), (20) and (24) behave asymptotically as n 2 . We may be tempted to conjecture that this is a general property of such systems but that is not the case.
The analysis of the exactly solvable models with piecewise constant potentials proposed by Znojil and collaborators [10] [11] [12] reveals a different behaviour. In the case of the potential V (x) = iZx/|x|, −1 < x < 1, with Dirichlet or periodic boundary conditions at x = ±1, the critical parameters e n and Z n appear to behave asymptotically as n Table 6 . Critical parameters for the even states of the Mathieu equation (22) e n a n 
